
Contents

Part I Symmetry Breaking in Classical Systems

Introduction to Part I . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1 Symmetries of a Classical System . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2 Spontaneous Symmetry Breaking . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
3 Symmetries in Classical Field Theory . . . . . . . . . . . . . . . . . . . . . . . . . . 13
4 General Properties of Solutions of Classical Field Equations . . . . . . 17
5 Stable Structures, Hilbert Sectors, Phases . . . . . . . . . . . . . . . . . . . . . . 21
6 Stability under Space Translations. Positive Energy . . . . . . . . . . . . . . 29
7 Noether Theorem and Symmetry Breaking . . . . . . . . . . . . . . . . . . . . . 33
8 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
9 The Goldstone Theorem. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
10 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

A Properties of the Free Wave Propagator . . . . . . . . . . . . . . . . . . . 51
B The Cauchy Problem for Small Times . . . . . . . . . . . . . . . . . . . . . 53
C The Global Cauchy Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
D The Non-linear Wave Equation with Driving Term . . . . . . . . . 56
E Time Independent Solutions Defining Physical Sectors . . . . . . 58

Part II Symmetry Breaking in Quantum Systems

Introduction to Part II . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
1 Quantum Mechanics. Algebraic Structure and States . . . . . . . . . . . . . 67
2 Fock Representation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
3 Non-Fock Representations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
4 Mathematical Description of Infinitely Extended Quantum Systems 89

4.1 Local Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
4.2 Asymptotic Abelianess . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

5 Physically Relevant Representations . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
6 Cluster Property and Pure Phases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
7 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

7.1 Spin Systems with Short Range Interactions . . . . . . . . . . . . . . . 105
7.2 Free Bose Gas. Bose-Einstein Condensation . . . . . . . . . . . . . . . . 106



X Contents

7.3 * Appendix: The Infinite Volume Dynamics
for Short Range Spin Interactions . . . . . . . . . . . . . . . . . . . . . . . . 110

8 Symmetry Breaking in Quantum Systems . . . . . . . . . . . . . . . . . . . . . . 115
8.1 Wigner Symmetries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
8.2 Spontaneous Symmetry Breaking . . . . . . . . . . . . . . . . . . . . . . . . . 118
8.3 Symmetry Breaking Order Parameter . . . . . . . . . . . . . . . . . . . . . 120

9 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123
10 Constructive Symmetry Breaking . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127
11 Symmetry Breaking in the Ising Model . . . . . . . . . . . . . . . . . . . . . . . . . 131
12 * Thermal States . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

12.1 Gibbs States and KMS Condition . . . . . . . . . . . . . . . . . . . . . . . . 139
12.2 GNS Representation Defined by a Gibbs State . . . . . . . . . . . . . 143
12.3 KMS States in the Thermodynamical Limit . . . . . . . . . . . . . . . . 146
12.4 Pure Phases. Extremal and Primary KMS States . . . . . . . . . . . 147

13 Fermi and Bose Gas at Non-zero Temperature . . . . . . . . . . . . . . . . . . 151
14 Quantum Fields at Non-zero Temperature . . . . . . . . . . . . . . . . . . . . . . 159
15 Breaking of Continuous Symmetries. Goldstone’s Theorem . . . . . . . . 161

15.1 The Goldstone’s Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162
15.2 A Critical Look at the Hypotheses of Goldstone Theorem . . . 164
15.3 The Goldstone Theorem with Mathematical Flavor . . . . . . . . . 174

16 * The Goldstone Theorem at Non-zero Temperature . . . . . . . . . . . . . 177
17 The Goldstone Theorem for Relativistic Local Fields . . . . . . . . . . . . . 181
18 An Extension of Goldstone Theorem

to Non-symmetric Hamiltonians . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189
18.1 Example. Spin Model with Magnetic Field . . . . . . . . . . . . . . . . 191

19 Symmetry Breaking in Gauge Theories . . . . . . . . . . . . . . . . . . . . . . . . . 193
19.1 Higgs Mechanism. Problems of the Perturbative Approach . . . 193
19.2 Higgs Mechanism in Local gauges . . . . . . . . . . . . . . . . . . . . . . . . 196
19.3 Higgs Mechanism in the Coulomb Gauge . . . . . . . . . . . . . . . . . . 199
19.4 Axial Symmetry Breaking and U(1) Problem . . . . . . . . . . . . . . 204

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 207

Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215


