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1.8.1 Itô Lemma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
1.8.2 Consequences for Stocks and Options . . . . . . . . . . . . . 43
1.8.3 Integral Representation . . . . . . . . . . . . . . . . . . . . . . . . . . 45
1.8.4 Bermudan Options . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
1.8.5 Empirical Tests . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

1.9 Jump Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
1.10 Calibration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
Notes and Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

Chapter 2 Generating Random Numbers with Specified
Distributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

2.1 Uniform Deviates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
2.1.1 Linear Congruential Generators . . . . . . . . . . . . . . . . . . 70

XV



XVI Contents

2.1.2 Quality of Generators . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
2.1.3 Random Vectors and Lattice Structure . . . . . . . . . . . . 72
2.1.4 Fibonacci Generators . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

2.2 Extending to Random Variables From Other Distributions . 77
2.2.1 Inversion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
2.2.2 Transformations in IR1 . . . . . . . . . . . . . . . . . . . . . . . . . . 78
2.2.3 Transformation in IRn . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

2.3 Normally Distributed Random Variables . . . . . . . . . . . . . . . . . 80
2.3.1 Method of Box and Muller . . . . . . . . . . . . . . . . . . . . . . . 80
2.3.2 Variant of Marsaglia . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
2.3.3 Correlated Random Variables . . . . . . . . . . . . . . . . . . . . 83

2.4 Monte Carlo Integration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
2.5 Sequences of Numbers with Low Discrepancy . . . . . . . . . . . . . 88

2.5.1 Discrepancy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
2.5.2 Examples of Low-Discrepancy Sequences . . . . . . . . . . 90

Notes and Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

Chapter 3 Monte Carlo Simulation with Stochastic
Differential Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

3.1 Approximation Error . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102
3.2 Stochastic Taylor Expansion . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
3.3 Examples of Numerical Methods . . . . . . . . . . . . . . . . . . . . . . . . 109
3.4 Intermediate Values . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112
3.5 Monte Carlo Simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

3.5.1 Integral Representation . . . . . . . . . . . . . . . . . . . . . . . . . . 114
3.5.2 Basic Version for European Options . . . . . . . . . . . . . . . 115
3.5.3 Bias . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118
3.5.4 Variance Reduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
3.5.5 Application to an Exotic Option . . . . . . . . . . . . . . . . . . 123

3.6 Monte Carlo Methods for American Options . . . . . . . . . . . . . 126
3.6.1 Stopping Time . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126
3.6.2 Parametric Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128
3.6.3 Regression Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130
3.6.4 Other Methods, and Further Hints . . . . . . . . . . . . . . . . 132

Notes and Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134
Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

Chapter 4 Standard Methods for Standard Options . . . . . . . 141
4.1 Preparations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142
4.2 Foundations of Finite-Difference Methods . . . . . . . . . . . . . . . . 144

4.2.1 Difference Approximation . . . . . . . . . . . . . . . . . . . . . . . . 144
4.2.2 The Grid . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145
4.2.3 Explicit Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146



Contents XVII

4.2.4 Stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148
4.2.5 An Implicit Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

4.3 Crank-Nicolson Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153
4.4 Boundary Conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156
4.5 American Options as Free Boundary Problems . . . . . . . . . . . 158

4.5.1 Early-Exercise Curve . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159
4.5.2 Free Boundary Problem . . . . . . . . . . . . . . . . . . . . . . . . . 161
4.5.3 Black-Scholes Inequality . . . . . . . . . . . . . . . . . . . . . . . . . 164
4.5.4 Obstacle Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 166
4.5.5 Linear Complementarity for American Put Options . 167

4.6 Computation of American Options . . . . . . . . . . . . . . . . . . . . . . 168
4.6.1 Discretization with Finite Differences . . . . . . . . . . . . . 169
4.6.2 Reformulation and Analysis of the LCP . . . . . . . . . . . 171
4.6.3 An Algorithm for Calculating American Options . . . . 174

4.7 On the Accuracy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178
4.7.1 Elementary Error Control . . . . . . . . . . . . . . . . . . . . . . . 179
4.7.2 Extrapolation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182

4.8 Analytic Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184
4.8.1 Approximation Based on Interpolation . . . . . . . . . . . . 185
4.8.2 Quadratic Approximation . . . . . . . . . . . . . . . . . . . . . . . . 188
4.8.3 Analytic Method of Lines . . . . . . . . . . . . . . . . . . . . . . . . 190

Notes and Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 192
Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197

Chapter 5 Finite-Element Methods . . . . . . . . . . . . . . . . . . . . . . . 203
5.1 Weighted Residuals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 204

5.1.1 The Principle of Weighted Residuals . . . . . . . . . . . . . . 205
5.1.2 Examples of Weighting Functions . . . . . . . . . . . . . . . . . 207
5.1.3 Examples of Basis Functions . . . . . . . . . . . . . . . . . . . . . 208

5.2 Galerkin Approach with Hat Functions . . . . . . . . . . . . . . . . . . 209
5.2.1 Hat Functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209
5.2.2 Assembling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 211
5.2.3 A Simple Application . . . . . . . . . . . . . . . . . . . . . . . . . . . 213

5.3 Application to Standard Options . . . . . . . . . . . . . . . . . . . . . . . 214
5.3.1 European Options . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215
5.3.2 Variational Form of the Obstacle Problem . . . . . . . . . 216
5.3.3 American Options . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 217

5.4 Application to an Exotic Call Option . . . . . . . . . . . . . . . . . . . . 222
5.5 Error Estimates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 225

5.5.1 Strong and Weak Solutions . . . . . . . . . . . . . . . . . . . . . . 226
5.5.2 Approximation on Finite-Dimensional Subspaces . . . 228
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B4 Lévy Processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 289

C Numerical Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 291
C1 Basic Numerical Tools . . . . . . . . . . . . . . . . . . . . . . . . . . . 291
C2 Iterative Methods for Ax = b . . . . . . . . . . . . . . . . . . . . . 296
C3 Function Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 299
C4 Minimization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 301

D Complementary Material . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 305
D1 Bounds for Options . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 305
D2 Approximation Formula . . . . . . . . . . . . . . . . . . . . . . . . . 307
D3 Software . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 309

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 311

Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 325



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.001 841.997]
>> setpagedevice




